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Problem Statement

Consider the following convex-concave saddle point problem (SPP)

min max [S(z,y) £ f(z) +g(x) + P(x,y) — J(y)], (SPP)

> X C Xand Y CY are nonempty, closed and convex sets, where X and Y
be two finite-dimensional real normed spaces.

> X* and Y* are the dual spaces of X and Y, respectively.

> f:X=>R,¢g:X=R and J:Y — R are convex, closed and proper
(CCP) functions, where R £ (—o0, +o<.

> ®:X XY — [—o0,+00] is convex-concave, i.e., ®(-,y) is convex and
®(z,-) is concave, for any (z,y) € X x Y.
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Regularity Assumptions

> f is p-strong convex (s.c.) and L-smooth on X' (L > u > 0), i.e.,
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> f is p-strong convex (s.c.) and L-smooth on X' (L > u > 0), i.e.,
L
Ella—2'll; < f@) - @) = (V@) a =) < 5 |l = a/ll3 Va2’ € X.

> Both cases ¢ = 0 and g > 0 will be considered.

> ¢ and J admit tractable Bregman prozimal projections on X and ),
respectively. Also, domgN X # () and domJ NY # 0.

> @ is (Lgg, Lyg, Lyy)-smooth on X x Y, i.e.,

IV2®(2,y) = Val(@', y) I < Law |2 — 2/l (1a)
IVa®(2,y) = Vo® (2,9 )l < Ly ly = ¥'lly (1b)
IVy@(2,y) = Vy@(2",y)lly. < Lyallz — 2|5, (L)
IVy@(z,y) =V ®(x,y")| v S Lyy lly — ?JIHY- (1d)

> A saddle point (z*,y*) € X x Y exists for (SPP), i.e.,
S(x*,y) < 8", y") < S(z,y"), V(z,y) € X x .
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Applications

> Any bilinear SPP, i.e., ®(x,y) = (Az,y), A € L(X,Y*)
> Non-bilinear SPP

® Convex-concave game
® Convex Optimization with Functional Constraints
® Kernel Matrix Learning
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Stochastic First-Order Oracles

f(z) £ Ee[f(z,€)] (z,y) £ E¢[®(z,y, ()]

Oracle model (Stochastic approximation): o
Return estimators of Vf, V®(-,y) and V®(z,-), i.e., Vf, VO(-,y) and

V®(z,-), that
> are unbiased
> have bounded variances
> (may also) obey “light-tailed” distributions
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Stochastic First-Order Oracles

f(z) £ Ee[f(z,€)] (z,y) £ E¢[®(z,y, ()]

Oracle model (Stochastic approximation): o
Return estimators of Vf, V®(-,y) and V®(z,-), i.e., Vf, VO(-,y) and

V®(z,-), that
> are unbiased
> have bounded variances
> (may also) obey “light-tailed” distributions

Gradient Noise Mean  Variance

5z’féVf_Vf 0 ofc,f
5@,@ = V:E(I)(’ y) - qu)(v y) 0 J?g,@
0y, @ ES Vy@(z, ) — Vy®(z,-) 0 03 &

> (SPP) — SPP(L, Lyg, Lys, Lyy, 0, 1), where o £ Ouf+ 0u0 + 0y o
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SPP(L; Ly, Lyxa Lyya g, N)

> Develop the first stochastic restart scheme for SPP.

> Consider the sub-Gaussian gradient noises.

> To obtain an e-duality gap w.p. > 1 — v, the oracle complexity is
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SPP(L, Ly, Lyz, Lyy, 0, 11)

> Furthermore, assume that dom g and dom J are closed.

> Then to obtain an e-expected duality gap, the oracle complexity is

2 g2 1
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Main Contribution (u > 0)

SPP(L, Ly, Lyz, Lyy, 0, 11)

> Furthermore, assume that dom g and dom J are closed.

> Then to obtain an e-expected duality gap, the oracle complexity is

1 2 o2 1
O((\/Z+Lxm>log<_)+ﬂ+ﬂ+ (Mer_é@)log(_)),
o I € \/IVE € e € €

® The complexities of L and L, are optimal.

® The complexities of o, ¢, 05 & and oy ¢ are optimal up to a log
factor, but still the best-known.

® The complexities of L,, and L,, are the best-known. (Lower
bound? Acceleration?)
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Comparison with Other Methods

Algorithm Problem Class Oracle Complexity
PDHG-type =0 Lo —0 o (L+Lzz+Lyz)
[Hamedani & Aybat’18] Ty Ve
Mirror-Prox-B
[Juditsky & 0=0,Lyy =0 O (% log (1) + f/ﬁi)

Nemirovski’12]

> The oracle complexity of Algorithm 2 is
2

L Las 1 Lyz L © z0)? O 1
o((\ﬁ+ )log(_)+i+ﬂ+(M+ﬁ)log<_>>,
I m € /e € e €2 €

® For 0 = 0 and Ly, = 0, strictly better than the previous methods.
® For o > 0 and Ly, > 0, the first complexity result.
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Subroutine (= 0)

SPP(L, Ly, Lyz, Lyy, 0, 0)

> Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

> To obtain an e-expected duality gap, the oracle complexity is

2 2
0 ( /£ + Lyo + Lyx + Lyy 4 (O—Lf + o—fvf) + Uy,@) )
€ € €

® The complexities of L, Ly, 04,7, 02, and oy ¢ are optimal.
® The complexities of Ly, and L, are the best-known. (Lower
bound? Acceleration?)

> If the gradient noises are sub-Gaussian, to obtain an e-duality gap w.p.
at least 1 — v, the oracle complexity is

[ Ly,+ L.+ L Opt+0p0)?+02
O( ;+ +€y+ yy_'_(xvf xyq:‘) y,P Og

€2
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Comparison with Other Methods

Algorithm Prob. Class Oracle Complexity
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® it is essentially smooth, i.e., cont. differentiable on int dom hy, # 0,
and for any ux, — u € bd, | Vhy(ug)l, — +o0,

® it is continuous on U,

® it generates the Bregman distance
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Non-Euclidean Geometry

> Let U C U be nonempty, closed and convex, where U is a
finite-dimensional real normed space.

> We call hy a distance generating function (DGF) on U if

® it is essentially smooth, i.e., cont. differentiable on int dom hy, # 0,
and for any ux, — u € bd, | Vhy(ug)l, — +o0,

® it is continuous on U,

® it generates the Bregman distance

Diy, (u, ') = hy(w) — hy(v') = (Vhy (W), u — ')

that satisfies Dy, (u, ') > (1/2) ||u — «/||?, for any u € U and
W € U° EUNintdom hy.

> Example: U= (R, |||,), U =A, £ {ueR? : 37 u; = 1},
hy =Y. u;logu;, domhy = R, U =riA,,.
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Let ' € U°, v* € U* and ¢ : U — R be CCP.
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Bregman Proximal Projection (BPP)

Let ' € U°, v* € U* and ¢ : U — R be CCP.

W = w2 argmingey @(u) + (u”,u) + A~ Dy, (u, 1)

(BPP)

> If infy,e (1) > —oo and U Ndom ¢ Ndom hyy # @, then u™ is unique and

lies in U° N dom .

> We say ¢ has a tractable BPP on U if there exists a DGF hy on U such

that (BPP) has a (unique) easily computable solution.
> If U is a Hilbert space, then (BPP) becomes

u' — ut £ prox,, (u' — Au*).
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Primal and Dual Functions

(B): min [S(a) 2 sup,eyS(r.y)|. (D) : max [S(x) 2 infrexS(e,y)] .
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Primal and Dual Functions

(P) : ;rg}r\} [S(m) = supyeyS(x,y)], (D) : r;léaf)( [ﬁ(m) = infmeXS(m,y)} .
> S — primal function, S — dual function

> Since (SPP) has a saddle point (z*,y*), * and y* are solutions of (IP)
and (D) respectively and S(z*) = S(z*,y*) = S(y*).
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Primal and Dual Functions

(P) : ;rélgvl [S'(m) = supyeyS(x,y)], (D) : r;?)))( [ﬁ(m) = inszXS(m,y)} .
> S — primal function, S — dual function

> Since (SPP) has a saddle point (z*,y*), * and y* are solutions of (IP)
and (D) respectively and S(z*) = S(z*,y*) = S(y*).

> Define the duality gap
G('Ta y) £ S’(x) - §(y) = Supz’eX,y’EyS(xa yl) - S(xl7 y)
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Algorithm 1: An Optimal Algorithm for 4 =0

» Input: Interp. seq. {f:}ien, dual stepsizes {ay }ien, primal stepsizes
{T¢}ten, relaxation seq. {0;}ten, DGFs hy : Y — Rand hy : X - R
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Algorithm 1: An Optimal Algorithm for 4 =0

» Input: Interp. seq. {f:}ien, dual stepsizes {ay }ien, primal stepsizes
{T¢}ten, relaxation seq. {0;}ten, DGFs hy : Y — Rand hy : X - R

> Init: (21, y) € X0 x Vo, 2t =al, gt =y}, ' =V, @2ty (), t=1
> Repeat (until some convergence criterion is met)

y"t = argmin,cy J(y) — (s, y — y*) + oy ' Dnyy (y,y")  (Dual Ascent)
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Algorithm 1: An Optimal Algorithm for y = 0

» Input: Interp. seq. {f:}ien, dual stepsizes {ay }ien, primal stepsizes
{T¢}ten, relaxation seq. {0;}ten, DGFs hy : Y — Rand hy : X - R

> Init: (21, y) € X0 x Vo, 2t =al, gt =y}, ' =V, @2ty (), t=1
> Repeat (until some convergence criterion is met)
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F = (1 - )zt + Bt (Interpolation)

Renbo Zhao (MIT ORC) 20 / 39



Algorithm 1: An Optimal Algorithm for y = 0

» Input: Interp. seq. {f:}ien, dual stepsizes {ay }ien, primal stepsizes
{T¢}ten, relaxation seq. {0;}ten, DGFs hy : Y — Rand hy : X - R

> Init: (21, y) € X0 x Vo, 2t =al, gt =y}, ' =V, @2ty (), t=1

> Repeat (until some convergence criterion is met)

y"t = argmin,cy J(y) — (s, y — y*) + oy ' Dnyy (y,y")  (Dual Ascent)
F = (1 - )zt + Bt (Interpolation)
atth= arg min g@) + (Vo @(at,y' ™ ) + VI(E T € x —af)

+ 77 Dy (, 2Y)) (Primal Descent)
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Definitions and Assumptions

> Bregman diameters:

a A
Qn, = SUPzex z/cxe Dy (.CL', x,)v th = SUPyey,yeye Dhy (y’ y,)'
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Definitions and Assumptions

> Bregman diameters:
Qe £ 5UDcx wrero Dy (@,2'), Qpy, £ SUD, ey yreye Dhy (U5 Y)-
> Gradient noises at iteration t:
6y<I> - v q)( 7yt7<?§) _qu)(xt7yt)7
630 o — V (I)( 7yt+1vggi) - v (I)( t’yt+1)’
8 s EVETE - VET.

Assumptions 1 (On Constraint Sets)

@ The Bregman diameters y,, and §y,,, are bounded.

® The set X is bounded and the Bregman diameter (., is bounded.
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Definitions and Assumptions

Assumptions 2 (On Gradient Noises)
Define B;[-] £ E[-| F;]. For anyx € X andy € Y and any t € N, there exist
positive constants oy &, 0¢.& and oz 5 such that

® (Unbiasedness) Ei 1[0} 4] =0, Er1[0% 5] = 0, B; 1[0} ] =0 a.s.,

® (Bounded variance) ]Et_1[||5ztl,q)||§] < 0'5,(1), ]Et—l[||5;@||3] <o,
Ei 1[0 ;1121 < 02 f as.,

® (Sub-Gaussian distributions)

But [oxp (184 2/0%0)] < exp(1), Evcy [exp (18, 42/0%.6)] < exp(),
Ei 1 [exp (||5if||z/aif>] <exp(l) a.s..
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Convergence Results

Theorem 1
Let Assumptions 1(A) and 2(A) hold. In Algorithm 1, for any t € N, choose
t—1 2 1
9 = ) = -, y = s
' L * t+1 f6 (Lym + Lyy + Payﬁb\/%)
t
Tt =

2 (2L + (Lag + Ly )t + p' (00,0 + 02,5)t3/2)

where p, p’ > 0 are constants independent of the parameters of interest, i.e.,
(L, Lys, Lym Lyyv Og,fyOx,®, 0y &, t)-

@ If Assumption 2(B) also holds, then for any T' > 3, we have
16L 8(Law + Lya)

E[G@E",57)] < Be(T) £ T - Qny
128(Lyg + Lyy) 80y, (1 ) 8(0z,r +02,9) ( 1,y )
Q = — 4+ 16pQ2 e Q .
- ny + = 160y ) + Nix R
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Convergence Results

Thus, the oracle complexity of obtaining an e-expected duality gap is

o (\/L/e + (Law + Lya + Lyy) /e + (02,5 + 00,0) + ai,q))/e?) :

® Let v € (0,1/6]. If Assumption 2(C) also holds, then w.p. at least 1 — 6v,

Gz, §") < Bo(T) + 8"% (w + ,/1og(1/y)9hy>

8(72.0 + 72g) (l08(1/1)
1 2nt) (R8O 4 iog(17 )

Thus, the oracle complexity of obtaining an e-duality gap w.p. > 1 —v is

2 2
L | Lo+ Lyo+ Lyy | (9a,f +000)"+0, 4 1
(0] (\/;—i- . + = log > .

+
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® Restart Scheme for p > 0
Subroutine
Stochastic Restart Scheme
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® Restart Scheme for p > 0
Subroutine
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Restart Scheme for Strongly Convex Minimization
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Restart Scheme for Strongly Convex Minimization

> Most of the subroutines need to satisfy:
For any starting point #! and any ¢, > 0, there exists T € N such that

Ellz' —2*P) <6 = E[f@") - f@")]<e

where zT denotes the T-th iterate produced by the subroutine.
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Restart Scheme for Strongly Convex Minimization

> Most of the subroutines need to satisfy:
For any starting point #! and any ¢, > 0, there exists T € N such that

Eflz' —2*|?) <6 = E[f@") - f@")] <e
where zT denotes the T-th iterate produced by the subroutine.
> By the strong convexity of f, we can bound
Ef|z" - 2*|*] < (2/wE[f(@") - f(z")]

and thus establish a recursion.
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> Most of the subroutines need to satisfy:
For any starting point #! and any ¢, > 0, there exists T € N such that
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where zT denotes the T-th iterate produced by the subroutine.
> By the strong convexity of f, we can bound
E[l|z! - 2*|°] < (2/wElf(E") - f(z")]
and thus establish a recursion.

> However, this does not work for SPP (convergence measured by duality
gap, and only diameters Qj,, and €2, appear in the bound)
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Restart Scheme for Strongly Convex Minimization

> Most of the subroutines need to satisfy:
For any starting point #! and any ¢, > 0, there exists T € N such that

Eflz! - 2"’ ] <6 = E[f(@") - f(z")] <e
where zT denotes the T-th iterate produced by the subroutine.
> By the strong convexity of f, we can bound
E[l|z! - 2*|°] < (2/wElf(E") - f(z")]
and thus establish a recursion.

> However, this does not work for SPP (convergence measured by duality
gap, and only diameters Qj,, and €2, appear in the bound)

=—> New schemes need to be developed.
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Rescaled Distance Generating Function (DGF)
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Rescaled Distance Generating Function (DGF)

> Fix any z. € X° and define /\_,’(mc, R) 2 RX + x., where R > 0.
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Rescaled Distance Generating Function (DGF)

> Fix any z. € X° and define X' (x., R) £ RX + x., where R > 0.
> Define a rescaled DGFs on X (z., R):

T — X
P @) = B (2255 ®)
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Rescaled Distance Generating Function (DGF)

> Fix any z. € X° and define X' (., R) £ RX + x., where R > 0.
> Define a rescaled DGFs on X (z., R):

T — X
P @) = B (2255 ®)

> The corresponding Bregman distances are

, 5 T — Tc ' — xe w’—xc) x—x’>}
; = —h —{vn .
Dh;zm,m(x’z) R {hx ( 7 ) x < 7 ) <V x ( 7 )R
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Rescaled Distance Generating Function (DGF)

> Fix any z. € X° and define /\_,’(:UC, R) £ RX + x., where R > 0.
> Define a rescaled DGFs on X (z., R):

T — X
he(ee,m) (7) & Rohax ( R ) ' 2)
> The corresponding Bregman distances are
Dﬁ;zu R>(x’“,) = R? {h?f (m;%mc) —hx (m ;2%> a <VhX <’C I_%xc)v a:;: >}

> Define B(we, R) £ {x € X: ||z — 2| < R}. If B(0,1) C dom hy, then
(,7c) < R, .,

SUPzexnB(zc,R) Dﬁf(mcym

where € £ sup_cp1) Dhy(2,0) < +o0.
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Rescaled Distance Generating Function (DGF)

> Fix any z. € X° and define /\_,’(:UC, R) £ RX + x., where R > 0.
> Define a rescaled DGFs on X (z., R):

T — X
he(ee,m) (7) & Rohax ( R ) ' 2)
> The corresponding Bregman distances are
Dfuzu R)(x’z,) = R? {h?f (m;%mc) —hx (’” ;2%) a <th <’U I_%xc)v a:;: >}

> Define B(we, R) £ {x € X: ||z — 2| < R}. If B(0,1) C dom hy, then
(,7c) < R, .,

Supxean(xC,R)Dﬁf(%R)

where € £ sup_cp1) Dhy(2,0) < +o0.
> If X is a Hilbert space and hy = (1/2) |||, then

haen (@ =1/2)llz —xl*, D, (x.2')=(1/2) ]z~ 2.

zc,R)
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Algorithm 1R: Algorithm 1 with Rescaled Geometry
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Algorithm 1R: Algorithm 1 with Rescaled Geometry

» Input: Starting primal variable 2% € X°, radius R, primal constraint set
X’ (X' C X), number of iterations T, interp. seq. {f; }+en, dual stepsizes
{at}ten, primal stepsizes {7 }ten, relaxation seq. {6;}+en, DGFs
hy Y 5 Rand hy : X - R
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Algorithm 1R: Algorithm 1 with Rescaled Geometry

» Input: Starting primal variable 2% € X°, radius R, primal constraint set
X’ (X' C X), number of iterations T, interp. seq. {f; }+en, dual stepsizes
{at}ten, primal stepsizes {7 }ten, relaxation seq. {6;}+en, DGFs
hy Y 5 Rand hy : X - R

» Init: (z,y') € X° x Yo, 2t =2t gt = 4!, st = Vyfb(xl,yl,gyl)
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Algorithm 1R: Algorithm 1 with Rescaled Geometry

» Input: Starting primal variable 2% € X°, radius R, primal constraint set
X’ (X' C X), number of iterations T, interp. seq. {f; }+en, dual stepsizes
{at}ten, primal stepsizes {7 }ten, relaxation seq. {6;}+en, DGFs
hy Y 5 Rand hy : X - R

» Init: (z,y') € X° x Yo, 2t =2t gt = 4!, st = @y@(:ﬂl,yl,@)
» Define: X (2!, R) and iLé?(w17R) using hy, z' and R
» Fort=1,...,T -1

ytl = arg min, ey, (y) — (s',y —y') + a;lDﬁy (y,y")  (Dual Ascent)
= (1 - Byt + Bt (Interpolation)
2= argmin g(x) + (Vo @ (2, y, ¢0) + VF(ET, ), 2 — a)
reX’
+T;1Dﬁ;z(z1,m (z,2") (Primal Descent)

8t+1 = (]- + 9t+1)$yq)(xt+1v yt+17 C:Z+1) - 9t+1@y(1)(;1;t7 yta C;) (Extrap.)
= (1= )z + B, g = (1= By + By’ (Averaging)
» Output: (z7,y7)
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Easily Computable Solutions

argmin g(z) + (z*,z) + 77 ' R%*hy
TEX’

(

T — X

R

)

Has an easily computable solution if
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Easily Computable Solutions

argmin g(z) + (z*,z) + 77 ' R%*hy
TEX’

(

x —

R

Te

)

Has an easily computable solution if
> g=0and X' =X =X,
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Easily Computable Solutions

argmin g(z) + (z*,z) + 77 ' R%*hy
TEX’

(

x —

R

Te

)

Has an easily computable solution if
> g=0and X' =X =X,
> X is a Hilbert space
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Easily Computable Solutions

argmin g(z) + (z*,z) + 77 ' R%*hy
TEX’

(

x —

R

Te

)

Has an easily computable solution if
> g=0and X' =X =X,
> X is a Hilbert space
o X=X and hy = (1/2) |3,
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Easily Computable Solutions

argmin g(z) + (z*,z) + 77 ' R%*hy <x - xC)
TEX’ R

Has an easily computable solution if
> g=0and X' =X =X,
> X is a Hilbert space
X=X and hy = (1/2) ||,
® =0, X’ = any set with easily computable projection,
ha = (1/2) ||l
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Convergence Results for Algorithm 1R

Theorem 2

Assume that B(0,1) C dom hy, and let Assumptions 1(B), 2(A) and 2(C)

hold. Fiz any ¢ € (0,1/6]. In Algorithm IR, choose X' such that z* € X' and
Dy < R, and choose
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Convergence Results for Algorithm 1R
Theorem 2

Assume that B(0,1) C dom hy, and let Assumptions 1(B), 2(A) and 2(C)

hold. Fiz any ¢ € (0,1/6]. In Algorithm IR, choose X' such that z* € X' and
Dy < R, and choose

T > "max{& 64 /(L/W)%Y, , 2048(Laa /)Y, , 4096 Lye (LR) ™1\ /9 Qny,
— _ 2
1282 Ly (uR?) ™'y, 512%(00. 1 + 00.0) 2 (uR) 2 (4 /(T + Iog(1/0)) Y, _ +24/log(1/1)),

512202 4 (uR?) % (8, /2(1 + log(1/1))ny, +24/1og(1/0)ny, ) H .
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Convergence Results for Algorithm 1R
Theorem 2

Assume that B(0,1) C dom hy, and let Assumptions 1(B), 2(A) and 2(C)

hold. Fiz any ¢ € (0,1/6]. In Algorithm IR, choose X' such that z* € X' and
Dy < R, and choose

T > "max{& 64 /(L/W)%Y, , 2048(Laa /)Y, , 4096 Lye (LR) ™1\ /9 Qny,
— _ 2
1282 Ly (uR?) ™'y, 512%(00. 1 + 00.0) 2 (uR) 2 (4 /(T + Iog(1/0)) Y, _ +24/log(1/1)),

512202 4 (uR?) % (8, /2(1 + log(1/1))ny, +24/1og(1/0)ny, ) H .

If we choose R > 2||z° — a*||, {Bi}ieir) and {0:}eir) as in Theorem 1, and
ap = a and 7, = t7 for any t € [T], where

a=1/(16(n""Lys + Lyy + poy, aVT)), p=(4R)"" \/(1 +1og(1/5))/ (2%, , Dny)s

7 =1/(4L + 2(Low +1Lya)T + ' (00,0 + 02, ))T*?), 1= (4/R)\/Qny, /Y,
o' = BB) 7 [0 +108(1/)/ (2, Oy,
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Convergence Results for Algorithm 1R

then w.p. at least 1 — 6v,

G, y") < BEU(T) + BR*(T) < uR?/16,
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Convergence Results for Algorithm 1R

then w.p. at least 1 — 6v,

G, y") < BEU(T) + BF"(T) < uR?/16,

where
16 L R? 8L, R>
8L =R 128L
A (V1 + 163/, 0y ) + =

By (T) éw {40+ loa(1/0))94,, + 2,/1og(1/y)}

4:’/%‘1’ {8y/30T + Toa(1/v)]0,, +2,/o8(1/7) 0, }.

+
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Convergence Results for Algorithm 1R

then w.p. at least 1 — 6v,

G, y") < BEU(T) + BF"(T) < uR?/16,

where
16 LR? 8L, R?
B! (T) ém%x + 5 e
SL <R 128L
A (V1 + 163/, 0y ) + =

By (T) éw {40+ loa(1/0))94,, + 2«/10g(1/1/)}

+ 40%{8\/2(1 + log(1/v))Qh,, + 2\/10g(1/1/)§2hy}.

Furthermore, |27 — 2*| < \/(2/u)(B§1_-ft(T) + By (T)) < R/(2V2) w.p. at
least 1 — 6v.
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® Restart Scheme for p > 0

Stochastic Restart Scheme
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Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

Renbo Zhao (MIT ORC)



Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

» Init: Ry =2U, z1 = xg, yo € V°
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Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

» Init: Ry =2U, x1 = xp, yo € V°
» Fork=1,... K
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Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

» Init: Ry =2U, x1 = xp, yo € V°
» Fork=1,... K

o 1} := [max{?), 64, /(L/p)<Y, ., 2048( Ly /1),

5122(0z,f +0z.0) (LR 4\/ (1+1log(1/6))8, , + 2\/log(1/§))2,

128° Ly, (R}) ™ Qnyy, 4096 Ly (nRe) ™ /Y, iy,
512202 3 (18F) 2 (3y/2(1 + 10g(1/5)) 0y + 2¢/1og(1/)0ny)" }.
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Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

» Init: Ry =2U, x1 = xp, yo € V°
» Fork=1,... K
o 1} := [max{?), 64, /(L/p)<Y, ., 2048( Ly /1),

5122(0z,f +0z.0) (LR 4\/ (1+1log(1/6))8, , + 2\/log(1/§))2,

128° Ly, (R}) ™ Qnyy, 4096 Ly (nRe) ™ /Y, iy,
512202 3 (18F) 2 (3y/2(1 + 10g(1/5)) 0y + 2¢/1og(1/)0ny)" }.

® Run Algorithm 18 for T}, iterations with starting primal variable xy,
radius Ry, constraint set Xy = {xv € X' : || — x| < Ri/2} and
other input parameters set as in Theorem 2, with output (:Eg’“,ﬂg’“)
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Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

» Init: Ry =2U, z1 = xg, yo € V°

» Fork=1,... K
o 1} := [max{?), 64, /(L/p)<Y, ., 2048( Ly /1),

5122(0z,f +0z.0) (LR 4\/ (1+1log(1/6))8, , + 2\/log(1/§))2,

128° Ly, (R}) ™ Qnyy, 4096 Ly (nRe) ™ /Y, iy,

512%07 & (uR}) 2 (8y/2(1 +10g(1/<)) 2y, + 24/1og(1/<) th) }W
® Run Algorithm 18 for T}, iterations with starting primal variable xy,

radius Ry, constraint set Xy = {xv € X' : || — x| < Ri/2} and
other input parameters set as in Theorem 2, with output (:Eg’“,ﬂg’“)

® Ry = Ri/V2, opy1 = i‘Z’“
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Algorithm 2: Stochastic Restart Scheme

» Input: Diameter estimate U > Dy, starting primal variable zg € X°,
desired accuracy € > 0, error probability v € (0, 1],
K = [max {0,log, (uU?/(4€)) }] + 1, < = v/(6K)

» Init: Ry =2U, z1 = xg, yo € V°

» Fork=1,... K
o 1} := [max{?), 64, /(L/p)<Y, ., 2048( Ly /1),

5122(0z,f +0z.0) (LR 4\/ (1+1log(1/6))8, , + 2\/log(1/g))2,

128° Ly, (R}) ™ Qnyy, 4096 Ly (nRe) ™ /Y, iy,
512202 3 (18F) 2 (3y/2(1 + 10g(1/5)) 0y + 2¢/1og(1/)0ny)" }.

® Run Algorithm 18 for T}, iterations with starting primal variable xy,
radius Ry, constraint set Xy = {xv € X' : || — x| < Ri/2} and
other input parameters set as in Theorem 2, with output (ffk,ﬂg’“)
i Rk+1 = Rk/\/i, Tg41 = :i’zk

» Output: (Tx41,Yx+1)
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2 2
G, yuh < ﬂl—Rﬁk = —#};"2_1 w.p. = (1= 6¢)¥

° x](()ut

AN

Ry = Ri—1/V2

\"*——— Ry
X

° XI(C)EEL

G (x0ut ;out <HR12c—1
(Xk=1,Yk-1 ="

w.p. > (1 —6¢)k1



Oracle Complexity

Theorem 3

Assume B(0,1) C domhx and let Assumptions 1(B), 2(A) and 2(C) hold. In
Algorithm 2, for any xo € X°, desired accuracy € € (0, uU?/4] and error
probability v € (0,1], it holds that G(x k11, yx+1) < € w.p. at least 1 — v.
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Oracle Complexity

Theorem 3

Assume B(0,1) C domhx and let Assumptions 1(B), 2(A) and 2(C) hold. In
Algorithm 2, for any xo € X°, desired accuracy € € (0, uU?/4] and error
probability v € (0,1], it holds that G(x k11, yx+1) < € w.p. at least 1 — v.

Furthermore, the number of oracle calls

ct < (3 +64,/(L/W)%,  + 2048(wa/,u,)Q;LX) ([1ogy (nU2/(46)) | +1)

+256% (Lya /v/HE) /D, Qny, + 642 (Lyy /€) Uy,

+1024 { (00,5 + 00.0)?/(ep) } { (49, + 1) log (6 [logy (uU?(4)") +2] /v) + 49}, , }
+10242 (02 4 /€?) {1 + log (6 [logy (uU(46)™") +2] /v) }u,,
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Oracle Complexity

Theorem 3

Assume B(0,1) C domhx and let Assumptions 1(B), 2(A) and 2(C) hold. In
Algorithm 2, for any xo € X°, desired accuracy € € (0, uU?/4] and error
probability v € (0,1], it holds that G(x k11, yx+1) < € w.p. at least 1 — v.

Furthermore, the number of oracle calls

ct < (3 +64,/(L/W)%,  + 2048(wa/,u)Q;LX) ([1ogy (nU2/(46)) | +1)

+256% (Lya /v/HE) /D, Qny, + 642 (Lyy /€) Uy,

+1024 { (00,5 + 00.0)?/(ep) } { (49, + 1) log (6 [logy (uU?(4)") +2] /v) + 49}, , }
+10242 (02 4 /€?) {1 + log (6 [logy (uU(46)™") +2] /v) }u,,

2 g2
O<( £+Lm)log(1)+@+@+(M“_f)bg(w))_
13 12 €  HE € HE € v
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Complexity of convergence in expectation

> Assume that dom g and dom J are closed.
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Complexity of convergence in expectation

> Assume that dom g and dom J are closed.

> By compactness of X and Y, invoke Berge’s mazimum theorem to
conclude that S and S are continuous on X Ndom g and Y Ndom J,
respectively, so there exists I' < 400 such that
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Complexity of convergence in expectation

> Assume that dom g and dom J are closed.

> By compactness of X and Y, invoke Berge’s mazimum theorem to
conclude that S and S are continuous on X Ndom g and ) Ndom J,
respectively, so there exists I' < 400 such that
SUPzecdom gnx Supyedom JﬂyG(mv y)

= SUPgedom gnx 5(1‘) - infyedom Jny Q(y) < L.
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Complexity of convergence in expectation

> Assume that dom g and dom J are closed.

> By compactness of X and Y, invoke Berge’s mazimum theorem to
conclude that S and S are continuous on X Ndom g and Y Ndom J,
respectively, so there exists I' < 400 such that
SUPzedom gnx SUPyedom meG(m, Y)
= SUPgedom gnx S<$) - infdeom Jny ﬁ(y) < L.
Theorem 4
Assume B(0,1) C domhy and let Assumptions 1(B), 2(A) and 2(C) hold. In

Algorithm 2, for any xo € X° and ¢ € (0,uU?/2], choose v = min{e/(2I), 1}
and K = [logy (WU?/(2¢))| + 1. Then it holds that E[G(z k41, yk+1)] < €.
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Complexity of convergence in expectation

> Assume that dom g and dom J are closed.

> By compactness of X and Y, invoke Berge’s mazimum theorem to
conclude that S and S are continuous on X Ndom g and Y Ndom J,
respectively, so there exists I' < 400 such that
SUPzedom gnx SUPyedom meG(m, Y)
= SUPgzedom gnx S<$) - inf’yedom Jny ﬁ(y) <I
Theorem 4
Assume B(0,1) C domhy and let Assumptions 1(B), 2(A) and 2(C) hold. In

Algorithm 2, for any xo € X° and ¢ € (0,uU?/2], choose v = min{e/(2I), 1}
and K = [logy (WU?/(2¢))| + 1. Then it holds that E[G(z k41, yk+1)] < €.

Furthermore, the oracle complexity is

L Las 1\  Lys L . -0)2 O 1
O(( -+ )10g<-)+i+ﬂ+<m_‘_ y;’)log(—)).
I I € VHE € e € €
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Future Directions

> Lower bounds on the complexities of Ly, and Ly,.
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> In the strongly convex case (u > 0):
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Future Directions

> Lower bounds on the complexities of Ly, and Ly,.
> In the strongly convex case (u > 0):

® Relax the sub-Gaussian assumption on the gradient noises.
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Future Directions

> Lower bounds on the complexities of Ly, and Ly,.
> In the strongly convex case (u > 0):
® Relax the sub-Gaussian assumption on the gradient noises.

® Remove the additional log(1/¢) factors in the oracle complexities of
Ou,f, 02,0 and 0y ¢, in obtaining the e-expected duality gap.
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Thank you!
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