
Optimal Stochastic Algorithms for Convex-Concave
Saddle Point Problems

Renbo Zhao
Operations Research Center, Massachusetts Institute of Technology

Department of ISEM, NUS
Singapore, May 2019

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 1 / 39



1 Introduction
Problem Setup
Main Contribution

2 Preliminaries

3 Algorithm for µ = 0

4 Restart Scheme for µ > 0
Subroutine
Stochastic Restart Scheme

5 Future Directions

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 2 / 39



1 Introduction
Problem Setup
Main Contribution

2 Preliminaries

3 Algorithm for µ = 0

4 Restart Scheme for µ > 0
Subroutine
Stochastic Restart Scheme

5 Future Directions

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 3 / 39



1 Introduction
Problem Setup
Main Contribution

2 Preliminaries

3 Algorithm for µ = 0

4 Restart Scheme for µ > 0
Subroutine
Stochastic Restart Scheme

5 Future Directions

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 4 / 39



Problem Statement

Consider the following convex-concave saddle point problem (SPP)

min
x∈X

max
y∈Y

[
S(x, y) , f(x) + g(x) + Φ(x, y)− J(y)

]
, (SPP)

B X ⊆ X and Y ⊆ Y are nonempty, closed and convex sets, where X and Y
be two finite-dimensional real normed spaces.

B X∗ and Y∗ are the dual spaces of X and Y, respectively.

B f : X→ R, g : X→ R and J : Y→ R are convex, closed and proper
(CCP) functions, where R , (−∞,+∞].

B Φ : X× Y→ [−∞,+∞] is convex-concave, i.e., Φ(·, y) is convex and
Φ(x, ·) is concave, for any (x, y) ∈ X× Y.
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Regularity Assumptions

B f is µ-strong convex (s.c.) and L-smooth on X (L ≥ µ ≥ 0), i.e.,

µ

2 ‖x− x
′‖2X ≤ f(x)− f(x′)−〈∇f(x′), x− x′〉 ≤ L

2 ‖x− x
′‖2X ,∀x, x

′ ∈ X .

B Both cases µ = 0 and µ > 0 will be considered.
B g and J admit tractable Bregman proximal projections on X and Y,

respectively. Also, dom g ∩ X 6= ∅ and dom J ∩ Y 6= ∅.
B Φ is (Lxx, Lyx, Lyy)-smooth on X × Y, i.e.,

‖∇xΦ(x, y)−∇xΦ(x′, y)‖X∗ ≤ Lxx ‖x− x
′‖X , (1a)

‖∇xΦ(x, y)−∇xΦ(x, y′)‖X∗ ≤ Lyx ‖y − y
′‖Y , (1b)

‖∇yΦ(x, y)−∇yΦ(x′, y)‖Y∗ ≤ Lyx ‖x− x
′‖X , (1c)

‖∇yΦ(x, y)−∇yΦ(x, y′)‖Y∗ ≤ Lyy ‖y − y
′‖Y . (1d)

B A saddle point (x∗, y∗) ∈ X × Y exists for (SPP), i.e.,

S(x∗, y) ≤ S(x∗, y∗) ≤ S(x, y∗), ∀ (x, y) ∈ X × Y.
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Applications

B Any bilinear SPP, i.e., Φ(x, y) = 〈Ax, y〉, A ∈ L(X,Y∗)
B Non-bilinear SPP

• Convex-concave game
• Convex Optimization with Functional Constraints
• Kernel Matrix Learning
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Stochastic First-Order Oracles

f(x) , Eξ[f̃(x, ξ)] Φ(x, y) , Eζ [Φ̃(x, y, ζ)]

Oracle model (Stochastic approximation):
Return estimators of ∇f , ∇Φ(·, y) and ∇Φ(x, ·), i.e., ∇̂f , ∇̂Φ(·, y) and
∇̂Φ(x, ·), that
B are unbiased
B have bounded variances
B (may also) obey “light-tailed” distributions

Gradient Noise Mean Variance
δx,f , ∇̂f −∇f 0 σ2

x,f

δx,Φ , ∇̂xΦ(·, y)−∇xΦ(·, y) 0 σ2
x,Φ

δy,Φ , ∇̂yΦ(x, ·)−∇yΦ(x, ·) 0 σ2
y,Φ

B (SPP) → SPP(L, Lxx, Lyx, Lyy, σ, µ), where σ , σx,f + σx,Φ + σy,Φ.
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Main Contribution (µ > 0)

SPP(L, Lxx, Lyx, Lyy, σ, µ)

B Develop the first stochastic restart scheme for SPP.

B Consider the sub-Gaussian gradient noises.
B To obtain an ε-duality gap w.p. ≥ 1− ν, the oracle complexity is

O

((√
L

µ
+
Lxx

µ

)
log
(1
ε

)
+
Lyx
√
µε

+
Lyy

ε
+
(

(σx,f + σx,Φ)2

µε
+
σ2
y,Φ

ε2

)
log
( log(1/ε)

ν

))
.
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Main Contribution (µ > 0)

SPP(L, Lxx, Lyx, Lyy, σ, µ)

B Furthermore, assume that dom g and dom J are closed.
B Then to obtain an ε-expected duality gap, the oracle complexity is

O

((√
L

µ
+
Lxx

µ

)
log
(1
ε

)
+
Lyx
√
µε

+
Lyy

ε
+
(

(σx,f + σx,Φ)2

µε
+
σ2
y,Φ

ε2

)
log
(1
ε

))
.

• The complexities of L and Lyx are optimal.
• The complexities of σx,f , σx,Φ and σy,Φ are optimal up to a log

factor, but still the best-known.
• The complexities of Lxx and Lyy are the best-known. (Lower

bound? Acceleration?)
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)
+
Lyx
√
µε

+
Lyy

ε
+
(

(σx,f + σx,Φ)2

µε
+
σ2
y,Φ

ε2

)
log
(1
ε

))
.

• The complexities of L and Lyx are optimal.
• The complexities of σx,f , σx,Φ and σy,Φ are optimal up to a log

factor, but still the best-known.

• The complexities of Lxx and Lyy are the best-known. (Lower
bound? Acceleration?)
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Comparison with Other Methods

Algorithm Problem Class Oracle Complexity
PDHG-type

σ = 0, Lyy = 0 O

(
L+Lxx+Lyx√

µε

)
[Hamedani & Aybat’18]

Mirror-Prox-B
σ = 0, Lyy = 0 O

(
L+Lxx

µ
log
(

1
ε

)
+ Lyx√

µε

)
[Juditsky &

Nemirovski’12]

B The oracle complexity of Algorithm 2 is

O

((√
L

µ
+
Lxx

µ

)
log
(1
ε

)
+
Lyx
√
µε

+
Lyy

ε
+
(

(σx,f + σx,Φ)2

µε
+
σ2
y,Φ

ε2

)
log
(1
ε

))
.

• For σ = 0 and Lyy = 0, strictly better than the previous methods.
• For σ > 0 and Lyy > 0, the first complexity result.
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Subroutine (µ = 0)

SPP(L, Lxx, Lyx, Lyy, σ, 0)

B Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

B To obtain an ε-expected duality gap, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2

)
.

• The complexities of L, Lyx, σx,f , σx,Φ and σy,Φ are optimal.
• The complexities of Lxx and Lyy are the best-known. (Lower

bound? Acceleration?)
B If the gradient noises are sub-Gaussian, to obtain an ε-duality gap w.p.

at least 1− ν, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
(

1
ν

))
.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 13 / 39



Subroutine (µ = 0)

SPP(L, Lxx, Lyx, Lyy, σ, 0)

B Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

B To obtain an ε-expected duality gap, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2

)
.

• The complexities of L, Lyx, σx,f , σx,Φ and σy,Φ are optimal.
• The complexities of Lxx and Lyy are the best-known. (Lower

bound? Acceleration?)
B If the gradient noises are sub-Gaussian, to obtain an ε-duality gap w.p.

at least 1− ν, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
(

1
ν

))
.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 13 / 39



Subroutine (µ = 0)

SPP(L, Lxx, Lyx, Lyy, σ, 0)

B Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

B To obtain an ε-expected duality gap, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2

)
.

• The complexities of L, Lyx, σx,f , σx,Φ and σy,Φ are optimal.
• The complexities of Lxx and Lyy are the best-known. (Lower

bound? Acceleration?)
B If the gradient noises are sub-Gaussian, to obtain an ε-duality gap w.p.

at least 1− ν, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
(

1
ν

))
.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 13 / 39



Subroutine (µ = 0)

SPP(L, Lxx, Lyx, Lyy, σ, 0)

B Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

B To obtain an ε-expected duality gap, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2

)
.

• The complexities of L, Lyx, σx,f , σx,Φ and σy,Φ are optimal.

• The complexities of Lxx and Lyy are the best-known. (Lower
bound? Acceleration?)

B If the gradient noises are sub-Gaussian, to obtain an ε-duality gap w.p.
at least 1− ν, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
(

1
ν

))
.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 13 / 39



Subroutine (µ = 0)

SPP(L, Lxx, Lyx, Lyy, σ, 0)

B Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

B To obtain an ε-expected duality gap, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2

)
.

• The complexities of L, Lyx, σx,f , σx,Φ and σy,Φ are optimal.
• The complexities of Lxx and Lyy are the best-known. (Lower

bound? Acceleration?)

B If the gradient noises are sub-Gaussian, to obtain an ε-duality gap w.p.
at least 1− ν, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
(

1
ν

))
.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 13 / 39



Subroutine (µ = 0)

SPP(L, Lxx, Lyx, Lyy, σ, 0)

B Extend the primal-dual hybrid gradient (PDHG) framework to the
non-bilinear stochastic SPP.

B To obtain an ε-expected duality gap, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2

)
.

• The complexities of L, Lyx, σx,f , σx,Φ and σy,Φ are optimal.
• The complexities of Lxx and Lyy are the best-known. (Lower

bound? Acceleration?)
B If the gradient noises are sub-Gaussian, to obtain an ε-duality gap w.p.

at least 1− ν, the oracle complexity is

O

(√
L

ε
+ Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
(

1
ν

))
.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 13 / 39



Comparison with Other Methods

Algorithm Prob. Class Oracle Complexity
PDHG-type

σ = 0 O

(
L
ε

+ Lxx+Lyx+Lyy

ε

)
[Hamedani & Aybat’18]

Mirror-Prox
σ = 0 O

(
L
ε

+ Lxx+Lyx+Lyy

ε

)
[Nemirovski’05]

Stoc. MP
σ > 0 O

(
L
ε

+ Lxx+Lyx+Lyy

ε
+

(σx,f +σx,Φ)2+σ2
y,Φ

ε2

)
[Juditsky et al.’11]

Stoc. Acc. MP
σ > 0 O

(√
L
ε

+ Lxx+Lyx+Lyy

ε
+

(σx,f +σx,Φ)2+σ2
y,Φ

ε2

)
[Chen et al.’17]

Algorithm 1
σ > 0 O

(√
L
ε

+ Lxx+Lyx+Lyy

ε
+

(σx,f +σx,Φ)2+σ2
y,Φ

ε2

)
[Zhao’19]
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Non-Euclidean Geometry

B Let U ⊆ U be nonempty, closed and convex, where U is a
finite-dimensional real normed space.

B We call hU a distance generating function (DGF) on U if
• it is essentially smooth, i.e., cont. differentiable on int domhU 6= ∅,

and for any uk → u ∈ bdU , ‖∇hU (uk)‖∗ → +∞,
• it is continuous on U ,
• it generates the Bregman distance

DhU (u, u′) , hU (u)− hU (u′)− 〈∇hU (u′), u− u′〉
that satisfies DhU (u, u′) ≥ (1/2) ‖u− u′‖2, for any u ∈ U and
u′ ∈ Uo , U ∩ int domhU .

B Example: U = (Rn, ‖·‖1), U = ∆n , {u ∈ Rn+ :
∑n
i=1 ui = 1},

hU =
∑n
i=1 ui log ui, domhU = Rn+, Uo = ri ∆n.
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Bregman Proximal Projection (BPP)

Let u′ ∈ Uo, u∗ ∈ U∗ and ϕ : U→ R be CCP.

u′ 7→ u+ , arg minu∈U ϕ(u) + 〈u∗, u〉+ λ−1DhU (u, u′) (BPP)

B If infu∈U ϕ(u) > −∞ and U ∩ domφ∩ domhU 6= ∅, then u+ is unique and
lies in Uo ∩ domϕ.

B We say ϕ has a tractable BPP on U if there exists a DGF hU on U such
that (BPP) has a (unique) easily computable solution.

B If U is a Hilbert space, then (BPP) becomes

u′ 7→ u+ , proxλϕ(u′ − λu∗).
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Primal and Dual Functions

(P) : min
x∈X

[
S̄(x) , supy∈YS(x, y)

]
, (D) : max

y∈Y

[
S(x) , infx∈XS(x, y)

]
.

B S̄ → primal function, S → dual function

B Since (SPP) has a saddle point (x∗, y∗), x∗ and y∗ are solutions of (P)
and (D) respectively and S̄(x∗) = S(x∗, y∗) = S(y∗).

B Define the duality gap
G(x, y) , S̄(x)− S(y) = supx′∈X ,y′∈YS(x, y′)− S(x′, y).
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and (D) respectively and S̄(x∗) = S(x∗, y∗) = S(y∗).

B Define the duality gap
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Algorithm 1: An Optimal Algorithm for µ = 0

I Input: Interp. seq. {βt}t∈N, dual stepsizes {αt}t∈N, primal stepsizes
{τt}t∈N, relaxation seq. {θt}t∈N, DGFs hY : Y→ R and hX : X→ R

I Init: (x1, y1) ∈ X o × Yo, x̄1 = x1, ȳ1 = y1, s1 = ∇̂yΦ(x1, y1, ζ1
y ), t = 1

I Repeat (until some convergence criterion is met)

yt+1 := arg miny∈YJ(y)− 〈st, y − yt〉+ α−1
t DhY (y, yt) (Dual Ascent)

x̃t+1 := (1− βt)x̄t + βtx
t (Interpolation)

xt+1 := arg min
x∈X

g(x) + 〈∇̂xΦ(xt, yt+1, ζtx) + ∇̂f(x̃t+1, ξt), x− xt〉

+ τ−1
t DhX (x, xt)) (Primal Descent)

st+1 := (1 + θt+1)∇̂yΦ(xt+1, yt+1, ζt+1
y )− θt+1∇̂yΦ(xt, yt, ζty) (Extrap.)

x̄t+1 := (1− βt)x̄t + βtx
t+1 (Primal Averaging)

ȳt+1 := (1− βt)ȳt + βty
t+1 (Dual Averaging)

t := t+ 1

I Output: (x̄t, ȳt)
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ȳt+1 := (1− βt)ȳt + βty
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y ), t = 1

I Repeat (until some convergence criterion is met)

yt+1 := arg miny∈YJ(y)− 〈st, y − yt〉+ α−1
t DhY (y, yt) (Dual Ascent)

x̃t+1 := (1− βt)x̄t + βtx
t (Interpolation)

xt+1 := arg min
x∈X

g(x) + 〈∇̂xΦ(xt, yt+1, ζtx) + ∇̂f(x̃t+1, ξt), x− xt〉

+ τ−1
t DhX (x, xt)) (Primal Descent)

st+1 := (1 + θt+1)∇̂yΦ(xt+1, yt+1, ζt+1
y )− θt+1∇̂yΦ(xt, yt, ζty) (Extrap.)

x̄t+1 := (1− βt)x̄t + βtx
t+1 (Primal Averaging)
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t+1 (Dual Averaging)

t := t+ 1

I Output: (x̄t, ȳt)
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Definitions and Assumptions

B Bregman diameters:

ΩhX , supx∈X ,x′∈Xo DhX (x, x′), ΩhY , supy∈Y,y′∈Yo DhY (y, y′).

B Gradient noises at iteration t:
δty,Φ , ∇̂yΦ(xt, yt, ζty)−∇yΦ(xt, yt),

δtx,Φ , ∇̂xΦ(xt, yt+1, ζtx)−∇xΦ(xt, yt+1),

δtx,f , ∇̂f(x̃t+1, ξt)−∇f(x̃t+1).

Assumptions 1 (On Constraint Sets)
A The Bregman diameters ΩhX and ΩhY are bounded.

B The set X is bounded and the Bregman diameter ΩhY is bounded.
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Definitions and Assumptions

Assumptions 2 (On Gradient Noises)

Define Et[·] , E[· | Ft]. For any x ∈ X and y ∈ Y and any t ∈ N, there exist
positive constants σy,Φ, σx,Φ and σx,f such that

A (Unbiasedness) Et−1[δty,Φ] = 0, Et−1[δtx,Φ] = 0, Et−1[δtx,f ] = 0 a.s.,

B (Bounded variance) Et−1[‖δty,Φ‖2∗] ≤ σ2
y,Φ, Et−1[‖δtx,Φ‖2∗] ≤ σ2

x,Φ,
Et−1[‖δtx,f‖2∗] ≤ σ2

x,f a.s.,

C (Sub-Gaussian distributions)
Et−1

[
exp

(
‖δty,Φ‖2∗/σ2

y,Φ
)]
≤ exp(1), Et−1

[
exp

(
‖δtx,Φ‖2∗/σ2

x,Φ
)]
≤ exp(1),

Et−1

[
exp

(
‖δtx,f‖2∗/σ2

x,f

)]
≤ exp(1) a.s..
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Convergence Results

Theorem 1
Let Assumptions 1(A) and 2(A) hold. In Algorithm 1, for any t ∈ N, choose

θt = t− 1
t

, βt = 2
t+ 1 , αt = 1

16
(
Lyx + Lyy + ρσy,Φ

√
t
) ,

τt = t

2
(
2L+ (Lxx + Lyx)t+ ρ′(σx,Φ + σx,f )t3/2

) ,
where ρ, ρ′ > 0 are constants independent of the parameters of interest, i.e.,
(L,Lxx, Lyx, Lyy, σx,f , σx,Φ, σy,Φ, t).

1 If Assumption 2(B) also holds, then for any T ≥ 3, we have

E[G(x̄T , ȳT )] ≤ Be(T ) ,
16L

T (T − 1)
ΩhX +

8(Lxx + Lyx)
T

ΩhX

+
128(Lyx + Lyy)

T
ΩhY +

8σy,Φ√
T

(1
ρ

+ 16ρΩhY
)

+
8(σx,f + σx,Φ)

√
T

( 1
ρ′

+ ρ′ΩhX
)
.
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Convergence Results

Thus, the oracle complexity of obtaining an ε-expected duality gap is

O

(√
L/ε+ (Lxx + Lyx + Lyy)/ε+

(
(σx,f + σx,Φ)2 + σ2

y,Φ
)
/ε2
)
.

2 Let ν ∈ (0, 1/6]. If Assumption 2(C) also holds, then w.p. at least 1− 6ν,

G(x̄T , ȳT ) ≤ Be(T ) + 8σy,Φ√
T

(
log(1/ν)

ρ
+
√

log(1/ν)ΩhY
)

+ 8(σx,Φ + σx,f )√
T

(
log(1/ν)

ρ′
+
√

log(1/ν)ΩhX
)
.

Thus, the oracle complexity of obtaining an ε-duality gap w.p. ≥ 1− ν is

O

(√
L

ε
+
Lxx + Lyx + Lyy

ε
+

(σx,f + σx,Φ)2 + σ2
y,Φ

ε2
log
( 1
ν

))
.
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Restart Scheme for Strongly Convex Minimization

B Most of the subroutines need to satisfy:
For any starting point x̄1 and any ε, δ > 0, there exists T ∈ N such that

E[‖x̄1 − x∗‖2] ≤ δ =⇒ E[f(x̄T )− f(x∗)] ≤ ε.

where x̄T denotes the T -th iterate produced by the subroutine.

B By the strong convexity of f , we can bound
E[‖x̄1 − x∗‖2] ≤ (2/µ)E[f(x̄1)− f(x∗)]

and thus establish a recursion.

B However, this does not work for SPP (convergence measured by duality
gap, and only diameters ΩhX and ΩhY appear in the bound)

=⇒ New schemes need to be developed.
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Rescaled Distance Generating Function (DGF)

B Fix any xc ∈ X o and define X̄ (xc, R) , RX + xc, where R > 0.

B Define a rescaled DGFs on X̄ (xc, R):

h̃X̄ (xc,R)(x) , R2hX

(
x− xc

R

)
. (2)

B The corresponding Bregman distances are

Dh̃X̄(xc,R)
(x, x′) = R2

{
hX

(
x− xc

R

)
− hX

(
x′ − xc

R

)
−
〈
∇hX

(
x′ − xc

R

)
,
x− x′

R

〉}
.

B Define B(xc, R) , {x ∈ X : ‖x− xc‖ ≤ R}. If B(0, 1) ⊆ domhX , then
supx∈X∩B(xc,R)Dh̃X̄(xc,R)

(x, xc) ≤ R2Ω′hX ,

where Ω′hX , supz∈B(0,1) DhX (z, 0) < +∞.

B If X is a Hilbert space and hX = (1/2) ‖·‖2, then

h̃X̄ (xc,R)(x) = (1/2) ‖x− xc‖2 , Dh̃X̄(xc,R)
(x, x′) = (1/2) ‖x− x′‖2 .
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Algorithm 1R: Algorithm 1 with Rescaled Geometry

I Input: Starting primal variable x0 ∈ X o, radius R, primal constraint set
X ′ (X ′ ⊆ X ), number of iterations T , interp. seq. {βt}t∈N, dual stepsizes
{αt}t∈N, primal stepsizes {τt}t∈N, relaxation seq. {θt}t∈N, DGFs
hY : Y→ R and hX : X→ R

I Init: (x1, y1) ∈ X o × Yo, x̄1 = x1, ȳ1 = y1, s1 = ∇̂yΦ(x1, y1, ζ1
y )

I Define: X̄ (x1, R) and h̃X̄ (x1,R) using hX , x1 and R

I For t = 1, . . . , T − 1

yt+1 := arg miny∈YJ(y)− 〈st, y − yt〉+ α−1
t Dh̃Y

(y, yt) (Dual Ascent)
x̃t+1 := (1− βt)x̄t + βtx

t (Interpolation)
xt+1 := arg min

x∈X ′
g(x) + 〈∇̂xΦ(xt, yt+1, ζtx) + ∇̂f(x̃t+1, ξt), x− xt〉

+τ−1
t Dh̃X̄(x1,R)

(x, xt) (Primal Descent)

st+1 := (1 + θt+1)∇̂yΦ(xt+1, yt+1, ζt+1
y )− θt+1∇̂yΦ(xt, yt, ζty) (Extrap.)

x̄t+1 := (1− βt)x̄t + βtx
t+1, ȳt+1 := (1− βt)ȳt + βty

t+1 (Averaging)

I Output: (x̄T , ȳT )
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Easily Computable Solutions

arg min
x∈X ′

g(x) + 〈x∗, x〉+ τ−1
t R2hX

(
x− xc
R

)

Has an easily computable solution if

B g ≡ 0 and X ′ = X = X,
B X is a Hilbert space

• X ′ = X and hX = (1/2) ‖·‖2X,
• g ≡ 0, X ′ = any set with easily computable projection,
hX = (1/2) ‖·‖2X.
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Convergence Results for Algorithm 1R

Theorem 2

Assume that B(0, 1) ⊆ domhX , and let Assumptions 1(B), 2(A) and 2(C)
hold. Fix any ς ∈ (0, 1/6]. In Algorithm 1R, choose X ′ such that x∗ ∈ X ′ and
DX ′ ≤ R, and choose

T ≥
⌈

max
{

3, 64
√

(L/µ)Ω′
hX
, 2048(Lxx/µ)Ω′hX , 4096Lyx(µR)−1√Ω′

hX
ΩhY ,

1282Lyy(µR2)−1ΩhY , 5122(σx,f + σx,Φ)2(µR)−2
(
4
√

(1 + log(1/ν))Ω′
hX

+ 2
√

log(1/ν)
)2
,

5122σ2
y,Φ(µR2)−2

(
8
√

2(1 + log(1/ν))ΩhY + 2
√

log(1/ν)ΩhY
)2 }⌉

.

If we choose R ≥ 2‖x0 − x∗‖, {βt}t∈[T ] and {θt}t∈[T ] as in Theorem 1, and
αt = α and τt = tτ for any t ∈ [T ], where

α = 1/
(
16
(
η−1Lyx + Lyy + ρσy,Φ

√
T
))
, ρ = (4R)−1

√
(1 + log(1/ς))/(2Ω′

hX
ΩhY ),

τ = 1/
(
4L+ 2(Lxx + ηLyx)T + ρ′(σx,Φ + σx,f )T 3/2

)
, η = (4/R)

√
ΩhY /Ω

′
hX
,

ρ′ = (8R)−1
√

(1 + log(1/ς))/(Ω′
hX

ΩhY ),

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 31 / 39



Convergence Results for Algorithm 1R

Theorem 2

Assume that B(0, 1) ⊆ domhX , and let Assumptions 1(B), 2(A) and 2(C)
hold. Fix any ς ∈ (0, 1/6]. In Algorithm 1R, choose X ′ such that x∗ ∈ X ′ and
DX ′ ≤ R, and choose
T ≥

⌈
max

{
3, 64

√
(L/µ)Ω′

hX
, 2048(Lxx/µ)Ω′hX , 4096Lyx(µR)−1√Ω′

hX
ΩhY ,

1282Lyy(µR2)−1ΩhY , 5122(σx,f + σx,Φ)2(µR)−2
(
4
√

(1 + log(1/ν))Ω′
hX

+ 2
√

log(1/ν)
)2
,

5122σ2
y,Φ(µR2)−2

(
8
√

2(1 + log(1/ν))ΩhY + 2
√

log(1/ν)ΩhY
)2 }⌉

.

If we choose R ≥ 2‖x0 − x∗‖, {βt}t∈[T ] and {θt}t∈[T ] as in Theorem 1, and
αt = α and τt = tτ for any t ∈ [T ], where

α = 1/
(
16
(
η−1Lyx + Lyy + ρσy,Φ

√
T
))
, ρ = (4R)−1

√
(1 + log(1/ς))/(2Ω′

hX
ΩhY ),

τ = 1/
(
4L+ 2(Lxx + ηLyx)T + ρ′(σx,Φ + σx,f )T 3/2

)
, η = (4/R)

√
ΩhY /Ω

′
hX
,

ρ′ = (8R)−1
√

(1 + log(1/ς))/(Ω′
hX

ΩhY ),

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 31 / 39



Convergence Results for Algorithm 1R

Theorem 2

Assume that B(0, 1) ⊆ domhX , and let Assumptions 1(B), 2(A) and 2(C)
hold. Fix any ς ∈ (0, 1/6]. In Algorithm 1R, choose X ′ such that x∗ ∈ X ′ and
DX ′ ≤ R, and choose
T ≥

⌈
max

{
3, 64

√
(L/µ)Ω′

hX
, 2048(Lxx/µ)Ω′hX , 4096Lyx(µR)−1√Ω′

hX
ΩhY ,

1282Lyy(µR2)−1ΩhY , 5122(σx,f + σx,Φ)2(µR)−2
(
4
√

(1 + log(1/ν))Ω′
hX

+ 2
√

log(1/ν)
)2
,

5122σ2
y,Φ(µR2)−2

(
8
√

2(1 + log(1/ν))ΩhY + 2
√

log(1/ν)ΩhY
)2 }⌉

.

If we choose R ≥ 2‖x0 − x∗‖, {βt}t∈[T ] and {θt}t∈[T ] as in Theorem 1, and
αt = α and τt = tτ for any t ∈ [T ], where

α = 1/
(
16
(
η−1Lyx + Lyy + ρσy,Φ

√
T
))
, ρ = (4R)−1

√
(1 + log(1/ς))/(2Ω′

hX
ΩhY ),

τ = 1/
(
4L+ 2(Lxx + ηLyx)T + ρ′(σx,Φ + σx,f )T 3/2

)
, η = (4/R)

√
ΩhY /Ω

′
hX
,

ρ′ = (8R)−1
√

(1 + log(1/ς))/(Ω′
hX

ΩhY ),

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 31 / 39



Convergence Results for Algorithm 1R

then w.p. at least 1− 6ν,

G(x̄T , ȳT ) ≤ Bdet
R (T ) +Bvar

R (T ) ≤ µR2/16,

where

Bdet
R (T ) , 16LR2

T (T − 1)Ω′hX + 8LxxR2

T − 1 Ω′hX

+ 8LyxR
T − 1

(√
ηx/ηyΩ′hX + 16

√
ηy/ηxΩhY

)
+ 128Lyy

T
ΩhY ,

Bvar
R (T ) ,4(σx,Φ + σx,f )R√

T

{
4
√

(1 + log(1/ν))Ω′hX + 2
√

log(1/ν)
}

+ 4σy,Φ√
T

{
8
√

2(1 + log(1/ν))ΩhY + 2
√

log(1/ν)ΩhY
}
.

Furthermore, ‖x̄T − x∗‖ ≤
√

(2/µ)(Bdet
R (T ) +Bvar

R (T )) ≤ R/
(
2
√

2
)

w.p. at
least 1− 6ν.
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G(x̄T , ȳT ) ≤ Bdet
R (T ) +Bvar

R (T ) ≤ µR2/16,

where

Bdet
R (T ) , 16LR2

T (T − 1)Ω′hX + 8LxxR2

T − 1 Ω′hX

+ 8LyxR
T − 1

(√
ηx/ηyΩ′hX + 16

√
ηy/ηxΩhY

)
+ 128Lyy

T
ΩhY ,

Bvar
R (T ) ,4(σx,Φ + σx,f )R√

T

{
4
√

(1 + log(1/ν))Ω′hX + 2
√

log(1/ν)
}

+ 4σy,Φ√
T

{
8
√

2(1 + log(1/ν))ΩhY + 2
√

log(1/ν)ΩhY
}
.

Furthermore, ‖x̄T − x∗‖ ≤
√

(2/µ)(Bdet
R (T ) +Bvar

R (T )) ≤ R/
(
2
√

2
)

w.p. at
least 1− 6ν.

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 32 / 39



Convergence Results for Algorithm 1R

then w.p. at least 1− 6ν,
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Algorithm 2: Stochastic Restart Scheme

I Input: Diameter estimate U ≥ DX , starting primal variable x0 ∈ X o,
desired accuracy ε > 0, error probability ν ∈ (0, 1],
K =

⌈
max

{
0, log2

(
µU2/(4ε)

)}⌉
+ 1, ς = ν/(6K)

I Init: R1 = 2U , x1 = x0, y0 ∈ Yo

I For k = 1, . . . ,K
• Tk :=

⌈
max

{
3, 64

√
(L/µ)Ω′hX , 2048(Lxx/µ)Ω′hX ,

5122(σx,f + σx,Φ)2(µRk)−2(4√(1 + log(1/ς))Ω′hX + 2
√

log(1/ς)
)2
,

1282Lyy(µR2
k)−1ΩhY , 4096Lyx(µRk)−1

√
Ω′hXΩhY ,

5122σ2
y,Φ(µR2

k)−2(8√2(1 + log(1/ς))ΩhY + 2
√

log(1/ς)ΩhY
)2 }⌉

.

• Run Algorithm 1S for Tk iterations with starting primal variable xk,
radius Rk, constraint set Xk = {x ∈ X : ‖x− xk‖ ≤ Rk/2} and
other input parameters set as in Theorem 2, with output (x̄Tk

k , ȳTk

k ).
• Rk+1 := Rk/

√
2, xk+1 := x̄Tk

k .
I Output: (xK+1, yK+1)
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k ).
• Rk+1 := Rk/

√
2, xk+1 := x̄Tk

k .
I Output: (xK+1, yK+1)

Renbo Zhao (MIT ORC) Optimal Stochastic Algorithms for SPP 34 / 39



Algorithm 2: Stochastic Restart Scheme
I Input: Diameter estimate U ≥ DX , starting primal variable x0 ∈ X o,

desired accuracy ε > 0, error probability ν ∈ (0, 1],
K =

⌈
max

{
0, log2

(
µU2/(4ε)

)}⌉
+ 1, ς = ν/(6K)

I Init: R1 = 2U , x1 = x0, y0 ∈ Yo

I For k = 1, . . . ,K

• Tk :=
⌈
max

{
3, 64

√
(L/µ)Ω′hX , 2048(Lxx/µ)Ω′hX ,

5122(σx,f + σx,Φ)2(µRk)−2(4√(1 + log(1/ς))Ω′hX + 2
√

log(1/ς)
)2
,

1282Lyy(µR2
k)−1ΩhY , 4096Lyx(µRk)−1

√
Ω′hXΩhY ,

5122σ2
y,Φ(µR2

k)−2(8√2(1 + log(1/ς))ΩhY + 2
√

log(1/ς)ΩhY
)2 }⌉

.

• Run Algorithm 1S for Tk iterations with starting primal variable xk,
radius Rk, constraint set Xk = {x ∈ X : ‖x− xk‖ ≤ Rk/2} and
other input parameters set as in Theorem 2, with output (x̄Tk

k , ȳTk
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Oracle Complexity

Theorem 3

Assume B(0, 1) ⊆ domhX and let Assumptions 1(B), 2(A) and 2(C) hold. In
Algorithm 2, for any x0 ∈ X o, desired accuracy ε ∈ (0, µU2/4] and error
probability ν ∈ (0, 1], it holds that G(xK+1, yK+1) ≤ ε w.p. at least 1− ν.

Furthermore, the number of oracle calls

Cst
ε ≤

(
3 + 64

√
(L/µ)Ω′

hX
+ 2048(Lxx/µ)Ω′hX

)(⌈
log2

(
µU2/(4ε)

)⌉
+ 1
)

+ 2562
(
Lyx/

√
µε
)√

Ω′
hX

ΩhY + 642
(
Lyy/ε

)
ΩhY

+ 10242
{

(σx,f + σx,Φ)2/(εµ)
}{

(4Ω′hX + 1) log
(
6
[
log2

(
µU2(4ε)−1

)
+ 2
]
/ν
)

+ 4Ω′hX
}

+ 10242
(
σ2
y,Φ/ε

2
){

1 + log
(
6
[
log2

(
µU2(4ε)−1

)
+ 2
]
/ν
)}

ΩhY

= O

((√
L

µ
+
Lxx

µ

)
log
(1
ε

)
+
Lyx
√
µε

+
Lyy

ε
+
(

(σx,f + σx,Φ)2

µε
+
σ2
y,Φ

ε2

)
log
( log(1/ε)

ν

))
.
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Complexity of convergence in expectation

B Assume that dom g and dom J are closed.
B By compactness of X and Y, invoke Berge’s maximum theorem to

conclude that S̄ and S are continuous on X ∩ dom g and Y ∩ dom J ,
respectively, so there exists Γ < +∞ such that

supx∈dom g∩X supy∈dom J∩YG(x, y)
= supx∈dom g∩X S̄(x)− infy∈dom J∩Y S(y) ≤ Γ.

Theorem 4

Assume B(0, 1) ⊆ domhX and let Assumptions 1(B), 2(A) and 2(C) hold. In
Algorithm 2, for any x0 ∈ X o and ε ∈ (0, µU2/2], choose ν = min{ε/(2Γ), 1}
and K =

⌈
log2

(
µU2/(2ε)

)⌉
+ 1. Then it holds that E[G(xK+1, yK+1)] ≤ ε.

Furthermore, the oracle complexity is

O

((√
L

µ
+
Lxx

µ

)
log
(1
ε

)
+
Lyx
√
µε

+
Lyy

ε
+
(

(σx,f + σx,Φ)2

µε
+
σ2
y,Φ

ε2

)
log
(1
ε

))
.
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Future Directions

B Lower bounds on the complexities of Lxx and Lyy.

B In the strongly convex case (µ > 0):
• Relax the sub-Gaussian assumption on the gradient noises.
• Remove the additional log(1/ε) factors in the oracle complexities of
σx,f , σx,Φ and σy,Φ, in obtaining the ε-expected duality gap.
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Thank you!
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